The dynamical evolution of magnetic skyrmions in thin ferromagnetic films has attracted much attention in the recent years due to its interesting physical phenomena and promising technological applications. In this work, we address the expected behavior of magnetic skyrmions when coupled to superconducting vortices in ferromagnet-superconductor heterostructures. We use numerical simulations and analytic arguments to show that the composed system comprises a higher number of possibilities of manipulating the skyrmion-vortex pair (SVP) that are not possible on its separated parts. We explore the thresholds of the dynamical system and quantify its dependence on the relevant material parameters, Lorentz force and magnetic torques. Futhermore, we calculate the SVP Hall-angle with respect to currents applied into both superconducting and ferromagnetic films and suggest the possibility of manipulating skyrmions by tuning the SVP Hall effect in such hybrid systems.
I. INTRODUCTION
The ability to trap and manipulate magnetic skyrmions has become of great interest for Cutting-edge memory devices and information technology [1] [2] [3] [4] . Magnetic skyrmions are topologically protected spin textures which can be stabilized, e.g, in ultrathin ferromagnetic films when coupled to a heavy metal (HM) layer with strong spinorbit coupling. The broken interfacial inversion symmetry induced by the heavy metal layer produces an interfacial non-collinear Dzyaloshinskii-Moriya Interaction (DMI), which energetically favors Néel-type skyrmions and domain walls 3, [5] [6] [7] [8] . Heterostructures often present nontrivial phenomena created by the competition of the physical properties of its parts. Particularly, Ferromagnet-Superconductor (FM-SC) heterostructures have recieved much attention in recent years [9] [10] [11] [12] , either by its possible applications in spintronics 13 , Josephson SFS junctions [14] [15] [16] etc., or by the rich number of order parameters configurations induced in such systems [17] [18] [19] [20] . Recently, theoretical works on FM-SC heterostructures have demonstrated that the stray field of superconducting vortices are able to trap 21, 22 , create 23 and repel magnetic skyrmions, depending on the topological indices of the constituents. Furthermore, some insights on the dynamical properties of such hybrid systems has been introduced in Ref. 21 . In this work we give the next step and investigate the manipulation of the skyrmion-vortex pair (SVP) by currents applied into both ferromagnetic and superconducting films, where we study the dependence of the motion on the material viscosities, Lorentz force and magnetic torques, and calculate the SVP Hall-angle with respect to currents applied into both superconductor and ferromagnetic films. We show that the SVP Hall-angle with respect to currents applied into the ferromagnetic film is always greater than that observed in the absence of vortices. Lastely, we stress the possibility of compensating the skyrmion Hall effect (SHE) in such systems by applying combined currents into both materials, which might be of interest for the skyrmion guiding in racetrack applications, where the SHE forces the skyrmion to be destroyed at the sample edges, as illustrated in Fig. 1 (a) . Fig. 1 (b) shows the considered system, an ultrathin ferromagnetic film of thickness d with perpendicular magnetic anisotropy, e.g., a Co layer, coupled to a nonmagnetic layer with a strong spin-orbit coupling, e.g., the heavy metal Pt (both Co and Pt are not superconductors at ambient pressure) is placed on top of a superconducting film of thickness d SC , separated by an insulating layer of thickness d I , such that the interaction between the superconducting material and the ferromagnetic film is given solely by the presence of stray fields.
The paper is organized as follows. In Sec. II we provide some analytical considerations before describing the micromagnetic model of ferromagnetic films with interfacially induced DMI and providing the Thiele formalism for the center-of-mass motion of the magnetic skyrmion. In Sec. III A and III B we investigate the static and dynamical properties, respectively, of the hybrid system, where we combine micromagnetic and molecular dynamics simulations to investigate the behavior of the SVP when currents are applied into both SC and FM films. In Sec. III B 1 and III B 2 we assume an uniform current applied into the superconductor, where we show the dependence of the motion on the material viscosities and calculate the critical properties of the SVP, as well as the SVP Hall-angle with respect to currents applied into the SC. In Sec. III B 3 we show that the SVP Hall-angle with respect to currents applied into the FM film is always greater than that observed in the absence of vortices and suggest the possibility of guiding the magnetic skyrmions by tuning the SVP Hall effect in such hybrid systems. Our results are summarize in Sec. IV
II. THEORETICAL FORMALISM

A. Stray field of a single vortex
The stray field of the superconducting vortex can be calculated analytically in the London limit, λ ξ, where λ and ξ are, respectively, the superconductor penetration depth and coherence length. The general solution for a superconducting film of thickness d SC reads
where
By tuning the competition between the Lorentz force, acting on the superconducting vortex, and magnetic torques, acting on the magnetic skyrmion, one can control the resultant Hall effect of the SVP, and consequently, the direction of the SVP motion. (b) Schematic representation of the considered system, a thin ferromagnetic (FM) film of thickness d with perpendicular magnetic anisotropy, coupled to a heavy metal (HM) layer with a strong spin-orbit coupling, is placed on top of a superconducting (SC) film of thickness dSC, separated by an insulating layer of thickness dI, such that the interaction between the superconducting material and the ferromagnetic film is given solely by the stray fields.
and τ = √ k 2 + λ −2 . Here, z = 0 represents the superconductor surface and r = x 2 + y 2 the distance from the vortex core. As discussed in Ref. 24 , for the case of d SC λ, the stray field of a single vortex can be approximated, near the superconductor surface, by the field of a magnetic monopole of charge 2φ 0 , where φ 0 is the magnetic flux quantum, located at a distance d m = 1.27λ below the superconductor surface, and the stray field becomes
where R = r 2 + (z + d m ) 2 is the distance from the monopole. In our system, the ferromagnetic film is placed at the plane z = d I . In this work we consider an ultrathin FM film, such that the DMI, induced in the FM-HM interface, and the magnetic fields, induced by the vortex, are considered to be uniform along the film thickness. Notice that, in this work we do not consider the creation of vortex-antivortex pairs in the superconductor due to the stray field of the skyrmion, as suggested in Ref. 22 , which is a reasonable assumption when the FM film is much thinner than the insulating layer and superconducting film.
B. Micromagnetic model
For the micromagnetic simulations, we employ the simulation package mumax 3 25 , on an ultrathin ferromagnetic film with perpendicular magnetic anisotropy coupled to a heavy metal layer with strong spin-orbit coupling. The local free energy density E, is related to the magnetization M(x, y) = M s m(x, y), where M s is the saturation magnetization and |m| = 1. We consider the free energy resulting from the following magnetic interactions: exchange interaction, perpendicular anisotropy, DMI, Zeeman interaction and demagnetization. We approximate the demagnetization energy by using an effective anisotropy
, with K the perpendicular magnetic anisotropy and µ 0 the vacuum permeability, which is justified for the case of ultrathin ferromagnetic films 26 . The expressions for the remaining energy-density terms are
where we consider the following parameters: saturation magnetization: M s = 580 kAm −1 , exchange stiffness: A ex = 15 pJm −1 , and perpendicular anisotropy K = 0.8 MJm −3 (K eff = 0.6 MJm −3 ), stemming from the experimental results on Co/Pt systems 27, 28 . The used values of the DMI constant, D, will be specified in the sections below, for what is useful to define the critical DMI strength D c = 4 √ A ex K eff /π above which cycloids start to develop in the ferromagnetic sample 29 . B represents the vortex stray field. For all simulations, we consider a system discretized into cells of size 1 × 1 × 0.4 nm 3 , with d = 0.4 nm the thickness of the FM film. In mumax 3 the dynamics of the magnetization is governed by the Landau-Lifshitz-Gilbert (LLG) equation
where γ = 1.7595 × 10 11 AmN −1 s −1 is the gyromagnetic ratio and α the Gilbert damping factor. In this work we consider α = 0.02 and 0.3, representing, respectively, the low and high damping regimes of the FM material. H eff is the effective magnetic field given by the functional derivative of the free energy E = (E ex + E anis + E dmi + E Zeeman )dV with respect to the magnetization: The Thiele equation describes the dynamics of the center-of-mass of the skyrmion by assuming a rigid body motion of the spin texture [30] [31] [32] [33] . For the case of in plane applied currents the Thiele equation reads
where G = Gẑ = 4πQ(dM s /γ)ẑ is the gyromagnetic coupling vector, with Q the skyrmion number (in all simulations we consider Q = −1);ṙ sk =ẋ skx +ẏ skŷ is the skyrmion drift velocity; V is the potential stemming induced by the vortex field; ν = ν xx + ν yŷ is associated to the velocity of the conduction electrons in the spin-polarized current and D represents the dissipative tensor, with components
Eq. (5) can be separated into its two components, which yieldṡ
III. RESULTS AND DISCUSSION
A. Static properties
Effects of the vortex field to the uniform state
Let us first look at the effects of the vortex field to the uniform ferromagnetic state. Fig. 2 shows the magnetization profile obtained from micromagnetic simulations of a ferromagnetic film in the presence of the stray field of a single vortex, for different values of the superconductor penetration depth λ, thickness of the insulating layer d I and DMI strength D. The magnetic field of the vortex core is considered to be pointing along the −ẑ direction. Note that for small values of λ, where the magnetic flux is concentrated in smaller regions, the correspondent canting of the magnetization is higher. Also notice that, for the parameters considered in this work, the presence of the superconducting vortex slightly deform the ferromagnetic ground state, but it is not enough to nucleate a skyrmion as considered in Ref. 23 . In fact, assuming small variations of the order parameter, the magnetization profile induced by the stray field of the vortex can be calculated by considering the micromagnetic energy density in polar coordinates
where we assumed m = sin θr + cos θẑ and B v = B rr + B zẑ is the stray field of a vortex located at r = 0. For the limit of small variations of the order parameter ( dθ dr and θ 1 ), the energy density can be rewritten as
where θ = dθ/dr. The Euler-Lagrange equation
guarantees the minimization of the energy functional and yields the following expression for the magnetization profile, 
Effects of the vortex field to the Skyrmion size
The stray field of the vortex can affect the sklyrmion size by favoring the rotation of the spin texture in the direction of the flux lines, where the competition with the other magnetic interactions is relevant. For simplicity, we will only consider variations of the DMI strength and fix all the remaining Ferromagnetic parameters. By increasing the DMI strength one favors the rotation of the magnetization at short length scales and reduce the energy barrier for the vortex field to flip the spins along its direction, resulting in an increase of the skyrmion size. 
Skyrmion-vortex interaction force
As shown in the previous section, the skyrmion-vortex interaction is stronger when the domain wall of the skyrmion faces the maximal background canting, i.e., when the skyrmion core is at a distance r c ≈ |r max θ − ξ sk | from the vortex core. To calculate the interaction energy between skyrmion and vortex field numerically, we relax the magnetization in the micromagnetic simulation while keeping the magnetic moment at the center of the skyrmion fixed. This approach is similar to the method used in Refs. 36-38 to calculate the interaction of the skyrmion with material defects. We consider the case of D ≤ 0.85D c , where the skyrmion profile is slightly deformed by the presence of the vortex field (see Fig. 3 ). In this situation we guarantee that the fixed core will represent the center of mass of the skyrmion after relaxing the magnetization . Fig 4 (a) and (b) shows the interaction energy calculated from the simulations as a function of the distance between the skyrmion and vortex cores, r sv , for different values of λ and DMI strength D. Notice that the energy profile can be fitted numerically by the expression
with a and b the fitting parameters. The fitted curves are shown as dashed lines in Fig. 4 (a) and (b). Fig. 4 (c) shows the correspondent interaction forces derived from Eq. (11) . From now on, we fix λ = 50 nm and D = 0.8D c in our simulations, otherwise specified.
B. Skyrmion Dynamics in the presence of the stray field of a single vortex
Let us now consider the skyrmion motion induced by the presence of the vortex field. Fig. 4 (d) shows the center-ofmass trajectories of the skyrmion in the presence of the vortex field, calculated in the micromagnetic simulations for α = 0.02 and 0.3, where the vortex position is fixed at the center of the simmulation box and the skyrmion is initialized at a distance r sv = 2.4λ from the vortex core. As suggested in the previous section, the skyrmion is attracted to the vortex core position. A deflection in the φ direction is induced by the magnus force, where φ is the angular cylindrical coordinate with origin at the vortex core position, and the skyrmion follows a spiral motion towards the center of the vortex, where the damping factor controls the magnitude of the Magnus force and consequently the shape of the spiral. Similar trajectories are observed, e.g., for the skyrmion in the presence of a pinning center 37,39 .
Applying current into the superconductor (First approximation)
Let us now consider that a uniform current, j SC , is applied into the superconducting material. The current induces a Lorentz force F L = d SC φ 0 j SC ×ẑ acting on the vortex core, thus forcing the vortex to move and, consequently, inducing the skyrmion motion. As a first approximation, in this section we neglect the effects of the skyrmion to the vortex motion and consider the vortex to move straight along the Lorentz force. Therefore, for the micromagnetic simulations we initialize the magnetic skyrmion concentric to the vortex core and move the vortex field, in a rigid body motion, along the +x direction, with constant velocity v. Fig. 5 (a) shows the corresponding trajectories of the skyrmion during the motion for different values of v and for a damping constant α = 0.02. The skyrmion oscillates in cycloidal trajectories created by the competition between the imposed movement along thex direction and the deflection along the φ direction. The maximal amplitude of the cycloidal trajectory is approximately λ, which coincides with the maximal canting region. For v higher than an escape velocity, v c , the skyrmion cross the r = r and the skyrmion do not oscillate during the motion. Notice that the escape velocity does not change considerably by changing from low to high damping regime, however it strongly depends on the DMI parameter, as expected from the interaction force in Sec. III A 3.
Similar cycloidal motion has been observed in Ref. 40 for a moving magnetic field, where in that occasion the authors stated that the skyrmion follows a periodic motion. However, notice that, from Fig. 5 (a) , the amplitude of the cycloids decreases as the skyrmion moves. In fact, by increasing the damping factor the dynamics changes from underdamped to overdamped oscillatory motion, as show in Fig. 5 (b) for α = 0.3. Therefore, the cycloidal motion is a transient motion, where the trajectories do not converge to the vortex core position (black dashed lines in Figs. 5 (a) and (b)), which indicates that the vortex core is no longer the minimal energy position for the skyrmion in the dynamical system as it is for the system with v = 0. This behavior is better understood in the frame of reference where the superconducting vortex is at rest. Fig. 6 shows the trajectories of the center-of-mass of the skyrmion calculated in the micromagnetic simulations (blue lines) for different values of the vortex velocity, v, with α = 0.02 and 0.3, in the frame of reference where the vortex is at rest. Notice that each point of the coordinate space (except for those points where the skyrmion velocity is zero, defined as fixed points) belongs to an unique and well defined trajectory which converges to a fixed point or to the infinity. Such dynamical system can be described in the Thiele formalism by the equation of motion for the center of mass of the skyrmion (see Sec II C). In this frame of reference, the skyrmion is moving with velocity −vx with respect to the vortex field and its dynamics can be equivalently described by the situation where a current is applied into the ferromagnetic film along thex direction within the particular case where α = β. In this case, ν is calculated as the skyrmion velocity in the regions where V = 0, i.e, ν x = −v and ν y = 0. The fixed points, {r * }, of the dynamical system can be calculated by choosingẋ * sk =ẏ * sk = 0 in Eqs. (6a) and (6b), from where we obtain, in cylindrical coordinates,
where n = 0, 1, 2, ... represents the solutions for both vortex (− Fig. 6 as black lines and red circles, respectively, with the open circles representing saddle points and the closed circles representing stable spirals. Notice that, for the considered parameters, the Thiele approach is in good agreement with the micromagnetic simulations. Also notice that, by increasing the vortex velocity, the fixed points approach until they annihilate around the region of maximal background canting.
Applying current into the superconductor (The Bardeen-Stephen dynamics)
In the limit of d SC λ the currents in the SC film can be averaged over the film thickness and the vortex-core dynamics can be approximated as a point particle in a substrate. The Bardeen-Stephen Equation 41 describes the overdamped motion of the vortex core, which moves in terminal velocityṙ v , given by the force balance: ηṙ v = F, where η is a viscosity coefficient and F represents the forces applied to the vortex core. In this work we neglect the effects of pinning forces in the superconductor, as well as the vortex Hall effect (shown to be very small out of the superclean limit of the superconductor 42, 43 ), and write the force acting in the vortex core as F = F L − F sv , with F L = d SC φ 0 j SC ×ẑ the Lorentz force due to the current density j SC into the superconductor and F sv the skyrmionvortex interaction force. Therefore, for the case of F L = F Lx , the equation of motion for the vortex core can be separated asẋ
The critical current applied into the superconductor that breaks the SVP is given when the vortex reaches the critical velocity v c , i.e, |F| = ηv c , where
is the total force acting on the vortex. The critical value of F L then reads
Here v c = F max sv /σ αα , and we obtain
Above this value, the fixed points of the dynamical system annihilate, and the skyrmion is left behind when the vortex moves. By the other hand, for F L < F c L , the SVP remains connected and after a transient oscillatory motion reaches the steady state (the dynamical system finds the stable fixed point), where the skyrmion and vortex move with the same velocity, i.e.,ẋ sk =ẋ v = v x andẏ sk =ẏ v = v y , with v x and v y constant. By substituting that into Eqs. (6a) and (6b) and Eqs. (13a) and (13b), one can calculate the angle of the SVP motion with respect to thex direction as ω ≡ arctan(v y /v x ). For the case where there are no currents applied into the ferromagnetic film, i.e, ν x = ν y = 0, one obtain
In the previous section we have shown that the dynamics of the center-of-mass of the skyrmion, described by the Thiele formalism, is in good agreement with the micromagnetic simulations (for the considered range of parameters, where the skyrmion size is slightly affected by the vortex field). Therefore, in this section we perform a series of molecular dynamics simulations of the skyrmion-vortex combined system by the numerical integration of the Thiele equation (Eqs. (6a) and (6b)), for the skyrmion motion, and Bardeen-Stephen Equation (Eqs. (13a) and (13b)) for the vortex motion. However, since we are now considering a thin superconducting film, i.e. d SC λ, the monopole approximation is no longer accurate and we numerically integrate Eqs. (1a) and (1b) to obtain the vortex stray field. The interaction force is calculated as in Sec. III A 3 (see Appendix B). For the simulations we consider λ = 50 nm and d SC = 10 nm, however, the results presented in this section can be easily generalized to other values of the SC parameters. We initialize the system with the skyrmion and vortex concentric and a constant Lorentz force F L = F Lx is applied to the vortex, i.e, an uniform current density j SC = −j SCŷ is applied into the superconductor. Fig. 7 (c-r) shows the trajectories obtained in the simulations, where Eq. (15) is used as reference for the considered parameters, as shown in Fig. 7 (a) . Fig. 7 (b) shows that the angle of the motion agrees with Eq. (16) . Notice that now the skyrmion can experience many different transient motions and follow different directions, depending on the material parameters and Lorentz force. For high values of η, the dynamical system converges to the one considered in the last section, where ω goes to zero and the vortex moves straight along the Lorentz force direction. For the limit of low viscosity of the superconductor and ferromagnet, the SVP motion approaches the direction of the applied current, i.e, perpendicular to the Lorentz force. The SVP Hall angle with respect to curresnts applied into the superconductor then reads θ jSC H = π/2 − ω. As a term of comparison, let us look at the viscosity coefficients obtained from experimental works on supercon- Ns/m calculated in Appendix A for the considered FM film, one obtain, for a superconducting film of thickness d sc ∼ 10-100 nm: η ∼ (0.5-500)D. Notice that, once the material has been chosen, the relation η/D can still be tuned by changing the thickness of both FM and SC films, as well as by changing the heavy metal capping layer, which in turns affect the DMI and skyrmion size.
Guiding magnetic skyrmions by tuning the SVP Hall effect
In this section we suggest the possibility of guiding magnetic skyrmions by tuning the SVP Hall effect in FM-SC Heterostructures. For that reason, we now consider that currents are applied into both FM and SC films. As in the last section, if one assumes that after a transient oscillatory motion the SVP reaches the steady state, where skyrmion and vortex move with the same constant velocity, the angle of the skyrmion-vortex pair motion with respect to thex direction, now with ν x , ν y = 0, becomes
where,
The above equation describes the terminal motion of the SVP in a general situation where currents are applied into both FM and SC films. Notice that, the direction of the terminal motion does not depend on the magnitude of the skyrmion-vortex interaction, it depends only on the material parameters and applied currents. The skyrmion-vortex interaction will nevertheless define the critical forces under which the pair remains connected. Similar expression has been obtained in Ref. 21 by a different approach, in that case the Lorentz force due to currents applied into the superconductor is not considered. Now, we ask the readers' attention for three different scenarios in Eq. (17): i) when the current is applied only into the SC film. In this case we recover Eq. (16) by substituting ν x = ν y = 0 into Eq. (17), and 0 < ω < π/2, as verified in Fig. 7 (b) . ii) When the current is applied only into the FM film. This case is obtained by choosing F L = 0 in Eq. (17) , where for the case of ν x > 0 and ν y = 0 results in −π/2 < ω < ω 0 , with ω 0 = tan
αβ ] the skyrmion Hall angle in the absence of the vortex, i.e., the SVP Hall-angle with respect to currents applied into the ferromagnetic film, θ jFM H = ω, is always greater than that observed in the absence of vortices. iii) When the current is applied into both FM and SC films. In this case we explore two different situations of the spin polarized current, ν F L and ν ⊥ F L . The Lorentz force, F * L , that compensates the SHE, i.e, that makes the skyrmion move straight along the current direction, is given by choosing (ω = 0, ν x = ν, ν y = 0) and (ω = π/2, ν x = 0, ν y = ν) in Eq. (17) for ν F L and ν ⊥ F L respectively. From where we obtain Fig. 8 ) the SHE is indeed canceled and the SVP moves straight along the current direction. Also notice that by tuning the Lorentz force one can control the direction of motion. By assuming the special cases of Eqs. (18a) and (18b) in the expression for the SVP terminal velocity, one finds
where v * pair is the SVP velocity along the applied current direction. The maximal velocity where the SVP remains connected is given by substituting Eqs. (18a) and (18b) into Eq. (14) , with ν given by the critical limit of Eqs. Notice that the critical properties of the SVP are directly proportional to the maximal value of the interaction force, F max sv . In this way, we expect the threshold values to be enhanced when one: i) decreases the superconductor penetration depth λ, which concentrates the magnetic flux in smaller regions, thus increasing the SVP interaction; ii) reduces the thickness of the insulating layer, which increases the magnetic field on the FM plane; iii) increases the DMI strength in the FM film, which favors the rotation of the magnetization along the field direction, thus increasing the SVP interaction.
IV. CONCLUSION
The controlled dynamical evolution of magnetic skyrmions in chiral-ferromagnets has become of great interest for Cutting-edge memory devices and information technology applications. In this work, we addressed the expected behavior of magnetic skyrmions when coupled to superconducting vortices in ferromagnet-superconductor hybrid systems. We have demonstrated that the composed system comprises a high number of possibilities of manipulating the SVP, that are not possible on its separated parts. We studied the dependence of the SVP motion on the material viscosities, Lorentz force and magnetic torques, and analyzed the threshold values where the SVP remains connected. Futhermore, we have calculated the SVP Hall-angle with respect to currents applied into both superconducting and ferromagnetic films. In the second case the SVP Hall-angle is shown to be always greater than that observed in the absence of vortices. Lastly, we suggest the possibility of manipulating skyrmions by tuning the SVP Hall effect in such hybrid systems.
